ABSTRACT. We prove strong convergence results for the motivic Adams spectral sequence of the sphere spectrum over fields with finite virtual cohomological dimension at the prime 2, and over arbitrary fields at odd primes. We show that the motivic Adams spectral sequence is not strongly convergent over number fields. As applications we give bounds on the exponents of the ( , η)-completed motivic stable stems, and calculate the zeroth ( , η)-completed motivic stable stems.
INTRODUCTION
The analogue of the Adams spectral sequence in motivic homotopy theory has been used successfully to calculate many interesting motivic invariants. However, the convergence properties of the motivic Adams spectral sequence are more subtle than in topology, which has limited its use to fairly specialized situations. Not even for the motivic sphere spectrum is strong convergence of the motivic Adams spectral sequence over an arbitrary base field guaranteed.
The goal of this work is to study the vanishing of the derived E ∞ -term of the motivic Adams spectral sequence of the sphere spectrum over a general field. This vanishing is the crucial ingredient to obtain strong convergence from conditional convergence, following Boardman [Boa99] . For formal reasons the abutment of the motivic Adams spectral sequence is the H-completion of the target spectrum, where H is the mod motivic cohomology spectrum. The H-completion was identified to be the ( , η)-completion of the target spectrum by Hu, Kriz and Ormsby [HKO11] under some strict bounded cellularity assumptions on the target spectrum. Recently a different proof was given by Mantovani [Man18] which drops the cellularity assumption. Combined with vanishing of the derived E ∞ -term this implies strong convergence to the homotopy groups of the ( , η)-completed spectrum.
In topology it is usually sufficient for the target spectrum to satisfy some finiteness assumptions on its cohomology for the Adams spectral sequence to be strongly convergent. Working at the prime 2, this assumption is usually sufficient in motivic homotopy theory over fields with finitely many square classes as well. But there are many interesting fields with infinitely many square classes, for instance the rationals, over which we would like to compute motivic invariants.
One approach could be to consider the E 2 -page not as an F 2 -module, but as a module over mod 2 Milnor K-theory K (H * , * (R; Z/2), H * , * (R; Z/2)) when t − s > 0 and t − s − w = 0. However when t − s = 0 and t − s − w ≥ 0 is even there is an infinite h 0 -tower in the Ext-group. Over a general field this infinite h 0 -tower is tensored with mod 2 Milnor K-theory, and is spread out in the cone w ≤ t − s ≤ 0 on the E 2 -page. Inside of this cone there can be infinitely many differentials exiting a particular tridegree of the motivic Adams spectral sequence, and it is not clear if the derived E ∞ -terms vanish here. With the help of the extension 0 → Ext we extend the vanishing lines of Guillou and Isaksen to general fields. This is where the assumption on the finiteness of the virtual cohomological dimension of the base field enters, since if not the outer terms in the extension can be nonzero for fixed stem and weight and any s. At odd primes we use a Bockstein spectral sequence to extend the topological vanishing lines of Adams to the motivic Ext-groups.
At odd primes in high Adams filtration the E r -pages of the motivic Adams spectral sequences for the sphere spectrum and the motivic cohomology spectrum are the same. Thus we would expect there to be infinitely many differentials leaving a particular tridegree over special base fields (of course, this is only necessary for the derived E ∞ -term to be nonzero). Hence it seems reasonable to doubt that the motivic Adams spectral sequence is strongly convergent in general. In Corollary 7.8 we show that the motivic Adams spectral sequence is not strongly convergent over number fields. However, with the help of vanishing regions in the Ext-groups we can show strong convergence for the motivic Adams spectral sequence for the sphere spectrum in positive stems. For S/ n the outlook is not as grim, and we prove strong convergence for S/ n over any field of characteristic not with finite virtual cohomological dimension if = 2 in Corollary 6.5. This suggests a general strategy for adapting classical proofs with the Adams spectral sequence to the motivic setting. Prove the required properties for S/ n and then pass to the limit over n, assuming that the properties are well behaved.
Motivic cohomology is often considered a generalization of singular cohomology to smooth schemes. However, other generalizations are possible; a notable one is the generalized motivic cohomology spectrum HZ of Bachmann [Bac16] . This spectrum is a closer approximation to the motivic sphere spectrum. In particular they have the same zeroth motivic homotopy group. For us the likeness manifests itself in their Ext-groups. It is simpler to describe the vanishing region as an isomorphism of Ext-groups in high filtration between the motivic sphere spectrum and HZ, and then compute the Ext-group of HZ. As part of this we compute the motivic cohomology of several motivic spectra and homotopy modules related to HZ. This seems to be an interesting computation in itself. For instance, motivic cohomology of the Witt K-theory sheaf is H * , * (K W * ) = Σ 1,−1 A * , * /A * , * (τ, Sq 2 +ρ Sq 1 ), which as far as we know has no classical analogue (its complex realization is zero).
Organization of this paper. We begin in Section 2 with a quick recap of motivic cohomology, the motivic (dual) Steenrod algebra, the motivic Adams spectral sequence and its E 2 -page. The main focus is on structure results of the motivic Steenrod algebra and motivic cohomology needed to describe the properties of the cobar complex and the Ext-groups. Next we use these tools in Section 3 to compute the mod 2 motivic cohomology of H Z and related spectra defined by [Bac16] . These calculations form the input to Section 4 where we study the mod 2 Ext-groups over fields of finite virtual cohomological dimension. Somewhat simpler are the mod Ext-groups which are treated in Section 5 with a Bockstein spectral sequence. Combining the two previous sections allow us to prove our main convergence results in Section 6. Here we use the vanishing regions to show that the derived E ∞ -terms vanish in positive stems over arbitrary fields. In nonnegative stems the vanishing of the derived E ∞ -term is in general unclear, but we prove strong convergence for S/ n . With the hope of resolving the convergence in negative stems we study the -Bockstein spectral sequence for motivic cohomology and its convergence properties in Section 7. This is the same as the mod motivic Adams spectral sequence for the motivic cohomology spectrum HZ. We show that the -Bockstein spectral sequence is not strongly convergent, and as a corollary we get that the motivic Adams spectral sequence for the sphere spectrum is not strongly convergent over number fields. We end with two short sections with applications to calculations of motivic homotopy groups. In Section 8 we give bounds on the torsion in the ( , η)-completed stables stems. In Section 9 we calculate the zeroth motivic homotopy groups of the ( , η)-completed sphere spectrum. and questions which prompted the current work. Without the work of Lorenzo Mantovani on localizations and completions in motivic homotopy theory we would probably not have ventured to write this paper, and we thank him for explaining his work to us. The authors thank Oliver Röndigs for pointing out Remark 2.1, and Paul Arne Østvaer for helpful comments.
Notation. Throughout the paper will be a fixed prime number. We will work in the stable motivic homotopy category SH(F ) over a base field F of characteristic not . We do not require F to be perfect unless explicitly stated. The following table summarizes the notation used in the paper:
, F a prime number, a field of characteristic not SH(F ) motivic stable homotopy category X, S motivic spectrum, motivic sphere spectrum H Z, HZ, HW (generalized) motivic cohomology, Witt motivic cohomology spectra HZ/ = H,H mod motivic cohomology spectrum, cofib(S → H)
Milnor-Witt-, Milnor-, Witt-and mod 2 Milnor K-theory sheaves h, η hyperbolic plane, Hopf map A * , * , A * , * , ∆, , η L , η R motivic Steenrod algebra, dual, structure maps of dual β, Sq i , P i Bockstein, motivic Steenrod squares, motivic power operations τ , ρ, ξ i , τ i H * , * -algebra generators of A * , * A * , * (1) H * , * -subalgebra of A * , * generated by Sq 1 and Sq 2 E s,t,w r (X) = E s,t,w r Er-page of the motivic Adams spectral sequence of X Ext s,(t,w) A * , * (H * , * , H * , * (X)) left A * , * -comodule Ext of H * , * (X) C • (H * , * , H * , * (X)) cobar complex computing Ext A * , * (H * , * , H * , * (X)) s, t, w cohomological filtration, topological degree, motivic weight t − s, t − s − w stable stem, Milnor-Witt degree In this section we fix the notation used later and recall results on the structure of mod motivic cohomology, the motivic Steenrod algebra and the motivic Adams spectral sequence. As usual it is necessary to treat the prime 2 distinctly from the other primes.
Recall that A * , * = [HZ/ , Σ * , * HZ/ ] SH(F ) and A * , * = π * , * (HZ/ ∧ HZ/ ) are the motivic Steenrod algebra and its dual, with coefficients H * , * (F ; Z/ ) = H * , * = H − * ,− * . The dual is a Hopf algebroid with structure maps η L , η R : A * , * → H * , * , : A * , * → H * , * , ∆ : A * , * → A * , * ⊗ H * , * A * , * [Voe03] , [HKØ17] . Here the tensor product − ⊗ H * , * − is formed by considering A * , * as a left H * , * -module with η L and as a right H * , * -module with η R . For any prime we have H p,q = 0 for p < q or p > 0, and an identification with mod Milnor K-theory of the base field along the diagonal H n,n ∼ = k −n (F ). Note that the subgroup k * ⊂ A * , * is a central subalgebra.
A motivic spectrum is A * , * -good if the canonical map (A * , * ⊗ H * , * H * , * (X)) p,q → [S p,q , H ∧ H ∧ X] is an isomorphism. In this case H * , * (X) is a left A * , * -comodule by the map
where the first map is induced by the unit S → H. All cellular spectra are A * , * -good by [DI10, Lemma 7.6].
The prime 2. When = 2 we have 
, and similarly for the dual motivic Steenrod algebra, A C * , * and A R * , * . A consequence of the structure of H * , * and A * , * is that [HKØ17, Theorem 5.6]
Here A R * , * is the motivic Steenrod algebra over R, and k * is considered as a Z/2[ρ]-module by mapping ρ to ρ. Remark 2.2. Let F be a field of odd characteristic with finite virtual cohomological dimension. Then F has finite 2-cohomological dimension. Indeed, if F has finite virtual cohomological dimension then 2I
Odd primes. For an odd prime the structure of the motivic Steenrod algebra is simpler, while the coefficients H * , * are harder to describe.
Lemma 2.3. Let F be a field and let d be the degree of the extension F (ζ )/F where ζ is a primitive 'th root of unity. Multiplication by the generator
Proof. Let G be the Galois group of the extension F sep /F . Then
and µ ⊗q (F sep ) ∼ = Z/ as an abelian group, with the action induced by the diagonal action of the Galois group on each tensor factor. That is
The above statements are then easy to check.
As a corollary of Lemma 2.3 we see that H * , * is generated by elements in H p,q such that p ≤ q and q − < p. Let H * , * be the graded Z/ -submodule of such elements. That is, any element in H * , * is a multiple of ζ and a unique element of H * , * . As an H * , * -algebra the mod motivic Steenrod algebra is generated by the Bockstein β in bidegree (1, 0) and the i'th power operation P i in bidegree (2i( − 1), i( − 1)). Hence the action of P i on H * , * is trivial for degree reasons. Thus the right unit H * , * → A * , * is completely determined by the action of the Bockstein and the action of P i on ζ l . By the Adem relations we have T op * , * is the topological dual Steenrod algebra (described by Milnor [Mil58] ), but bigraded such that ξ i has the bidegree above. The coproduct is then the same as in topology, but the left and right units can be highly nontrivial. That is, for any x ∈ H p,q we have
The motivic Adams spectral sequence. The mod motivic Adams spectral sequence is constructed in the same way as in topology using motivic Adams resolutions. For an A * , * -good spectrum X the E 2 -page is E [HKO11] . More recently Mantovani gave a different proof and showed that the assumptions on cellularity and the (virtual) cohomological dimension can be dropped [Man18] ; that is there is a weak equivalence
for X a connective motivic spectrum over a perfect field [Man18, Theorem 1.0.1].
There is also a cohomological motivic Adams spectral sequence with E 2 -page
For A * , * -good spectra for which H * , * (X) → Hom(H * , * (X), H * , * ) is an isomorphism, and H * , * (X) is of motivic finite type and free over H * , * , we have a dualization isomorphism [DI10, Lemma 7.13]
In particular this is true for S, H and HZ. In Lemma 3.15 we prove a dualization isomorphism for some spectra which are not free over H * , * .
The Ext-group and the cobar complex. The Ext-group which appears on the E 2 -page of the motivic Adams spectral sequence can be computed with the cobar complex C • (H * , * , H * , * (X)), which takes the following form (see Ravenel [Rav86, Proposition 3.1.2]) H * , * ⊗ H * , * H * , * (X) → H * , * ⊗ H * , * A * , * ⊗ H * , * H * , * (X) → (2) H * , * ⊗ H * , * A ⊗2 * , * ⊗ H * , * H * , * (X) → · · · → H * , * ⊗ H * , * A ⊗i * , * ⊗ H * , * H * , * (X) → . . . . Here A * , * = ker( ) is the augmentation ideal. Elements of the cobar complex are commonly written as sums of elements l[γ 1 | . . . |γ s ]m where l ∈ H * , * , m ∈ H * , * (X) and γ i ∈ A * , * . By H * , * -linearity we may assume each γ i is a monomial in ξ i 's and τ i 's. If X = S we may further assume m = 1, in which case it is frequently omitted from the notation. The differentials are as follows.
Note that when X = S the coaction is given by ψ X = η L ⊗1. We say that an element of C s (H * , * , H * , * )
The cobar differential preserves the internal grading (t, w) and increments s by 1. Hence, the cobar differential decreases the Milnor-Witt degree by 1. Note that the cobar complex is a noncommutative differential graded algebra when ρ = 0. For instance mod 2 we have τ
be the topological cobar complex [Rav86, A1.2.11], considered as a trigraded object, for example, We will use these vanishing results below in Section 3 and Section 5 to obtain vanishing regions in Ext-groups over general fields.
A DETOUR TO HOMOTOPY MODULES
In this section we compute the mod 2 motivic cohomology of the generalized motivic cohomology spectra of Bachmann [Bac16] . This allows us to formulate the vanishing results in Section 4 as an isomorphism in high filtration between the Ext-groups of S and H Z. The Ext-group of H Z can be computed explicitly, see Corollary 3.11. First we establish some cofiber sequences relating the various spectra and associated homotopy modules. The long exact sequences obtained from the cofiber sequences degenerate to short exact sequences, and it is relatively easy to get complete descriptions of the mod 2 motivic cohomology of the spectra. We calculate the cohomological Ext-groups of the spectra and part of the Ext A * , * (H * , * , H * , * )-module structure. Finally we prove a dualization theorem which relates the cohomological Ext-groups to the homological Ext-groups. This is a little involved since some of the spectra have motivic cohomology groups which are H * , * /τ -modules. In particular they are not free H * , * -modules, and we have to dualize using Ext 1 H * , * (−, H * , * ), since Hom H * , * (−, H * , * ) = 0 on these spectra.
Recall from [Bac16] that for a perfect field F there are t-structures on SH(F ) and SH(F ) eff defined as
Note that the complex realization of SH(C) ≥d is SH, while the complex realization of SH(C) eff ≥d is SH ≥2d . The hearts of these t-structures are identified with homotopy modules and effective homotopy Lemma 3.1. Over a perfect field of characteristic not 2, there are cofiber sequences of the following form.
There are also the equivalences below.
Proof. The cofiber sequence (5) is part of the proof of [Bac16, Lemma 19] . The cofiber sequences (6), (8) and (9) are by definition. The cofiber sequence (7) is the short exact sequence in SH(k) 
is an equivalence since when evaluated on a field the source and target are both mod 2 Milnor K-theory which is mapped by the identity, cf. [Hoy15, 2.2].
Next we compute mod 2 motivic cohomology of H Z, HW, K W * , K M * /2, the Ext-groups of the motivic cohomology, and their relation to Ext A * , * (H * , * , H * , * ). Throughout we use the following convention for suspensions and bigraded hom-groups: For left A * , * -modules we set (
and Hom
A * , * (A * , * , H * , * ), and suspensions on the interesting variable of the Ext-groups can be moved inside and outside without changing the signs of the suspensions. The Hom-groups are considered as homological objects although they are indexed with superscripts.
Lemma 3.2. Over a perfect field of characteristic not 2 and for an odd prime , the motivic cohomology groups H * , * (K W * ; Z/ ) and H * , * (HW ; Z/ ) are trivial.
Proof. The first claim follows from the commutative diagram below with cofiber sequences as columns and rows.
The second vanishing claim is deduced from the cofiber sequence (8) and the equivalence (10).
Recall that A * , * (1) is the H * , * -subalgebra of A * , * generated by Sq 1 and Sq 2 . The next lemma allows us to check exactness of short exact sequences in the finite subalgebra A * , * (1) of A * , * .
Lemma 3.3 ([Gre12, Lemma 3.2.15]).
A * , * is free as a right A * , * (1)-module.
Proof. In [Gre12, Lemma 3.2.15] it is proven that A * , * is free as a left A * , * (1)-module. Since the conjugation c : A * , * → A * , * [HKØ17, p. 3845] satisfies t(c ⊗ c)∆ = ∆c, where t is the twist, the same proof using the conjugate monomial basis shows that A * , * is free as a right A * , * (1)-module.
Lemma 3.4. We have a short exact sequence of left A * , * -modules
Proof. By Lemma 3.3 A * , * is free as a right A * , * (1)-module. Hence it suffices to show exactness of the corresponding A * , * (1)-modules and tensor up with A * , * . Exactness is easy to check with help of the following figure of A * , * (1): Lemma 3.5. Over a perfect field of characteristic not 2, the mod 2 motivic cohomology groups of the homotopy modules K M * /2 and K
Proof. From (9) and (11) we obtain the following long exact sequence.
Since τ is not a zero divisor this implies (13). The second claim requires more work. First consider the case when the base field is R, so that
The cofiber sequence (7) gives rise to the following map of short exact sequences of left A * , * -modules (since H * , * (η) = 0).
, the composite g cannot be zero in bidegree (1, −1). So g must send 1 to Sq 2 , Sq 2 +ρ Sq 1 or ρ Sq 1 over R. The map g cannot be multiplication by ρ Sq 1 since changing the base to C would force g to be zero. If g sends 1 to Sq 2 then τ ∈ A * , * τ maps to τ Sq 2 ∈ A * , * τ if ρ = 0. That is, g would not be a left A * , * -module map. So g is forced to be ·(Sq 2 +ρ Sq 1 ); hence the left square commutes. Inductively this implies that f is an isomorphism and (14).
A similar argument also works over Q and finite fields of odd characteristic. The map g will be right multiplication by Sq 2 +a Sq 1 , where a ∈ K M 1 /2. That g must be an A * , * -module homomorphism and g • g = 0 forces a = ρ. The result for a general field is now obtained by using base change from a prime field.
The cofiber sequences of Lemma 3.1 give us short exact sequences in motivic cohomology. Hence, we obtain calculations of the mod 2 motivic cohomology of the spectra. Lemma 3.6. Over a perfect field of characteristic not 2 there are short exact sequences in mod 2 motivic cohomology
As short exact sequences of H * , * -modules, (15), (17) and (19) are split.
Proof. The short exact sequences (15), (16), (17) and (19) are just restatements of (6), (13), (7) and (5), since
The cofiber sequences (8) and (9) combined with the equivalences (10) and (11) induce the commutative diagram Corollary 3.7. The mod 2 motivic cohomology of the Witt-motivic cohomology spectrum is
Proof. This follows by combining the short exact sequence (18) and the isomorphism (14).
This has been independently computed by Tom Bachmann [Bac18] to be
These are the same since we have the exact sequence
Exactness is checked using the figure in Lemma 3.4, and then we tensor up with A * , * to see that the expressions for H * , * (HW ) agree. Next we compute the Ext-groups of the generalized motivic cohomology spectra and the associated homotopy modules. In Lemma 3.8 we will calculate the Yoneda product using resolutions P • → M which are not necessarily projective, but which satisfy Ext N [i] ). Then the Yoneda product is formed in the same way, using 
This is a resolution in the sense that Ext We now show that ah s 1 is nontrivial for s ≥ 1. As observed in Remark 3.9 we can use the resolution (24) to compute the Yoneda product. Consider the product of the representative of ah A * , * (Q 1 , H * , * ). Consider a resolution of H * , * beginning with Proof. For s = 0 we get the extension
from (18). We compare with mod 2 motivic cohomology using the canonical map HW → H to determine that the extension is non-split. For s > 0 we get is an isomorphism by comparing (5) and (6), hence (25) is split for s > 0, and
The statements over R can be seen by a calculation in the cobar complex, cf. [DI17a, Figure 3 ].
So far in this section we have used cohomological Ext-groups. In the next lemmas we establish how the cohomological Ext-groups relate to the homological Ext-groups, which we use elsewhere in this paper. We also check that the spectra defined by Bachmann are A * , * -good, hence that the Ext-groups are the E 2 -pages of their respective motivic Adams spectral sequences. When we know that there is a dualization isomorphism between the cohomological and homological Ext-groups we can compare directly with the homological Ext-group of the motivic sphere spectrum. All of this can be avoided, since for the motivic sphere spectrum we know that the Ext-groups satisfy a dualization isomorphism by [DI10, Lemma 7.13]. However, the relation between the homological and cohomological Ext-groups given in Lemma 3.15 seems worth elaborating.
Lemma 3.12. Suppose E is a spectrum that fits into a cofiber sequence Σ p,q E f − → E → F, where the map
is an isomorphism for all s and H * , * (f ) = 0. Alternatively, suppose E is a spectrum that fits into a cofiber sequence F → F → E, where for both F and F the map (26) is an isomorphism. Then the map (26) is an isomorphism for E as well.
Proof. This is straightforward; use the snake lemma and the 5-lemma. is an isomorphism.
Proof. We can apply Lemma 3.12 to these spectra by using the cofiber sequences from Lemma 3.1 and Lemma 3.6.
Remark 3.14. We expect the spectra in Corollary 3.13 to be cellular, in which case the isomorphism (26) follows from [DI10, Lemma 7.6].
Next we establish a dualization lemma. Note the shift in the (co)homological degree of the Extgroups for the spectra K The isomorphisms in (3) are induced by the dualization map
and are described in detail in the proof.
Proof.
(1) For H this is true by [HKØ17, Lemma 5.2]. If X is K M * /2, HW , or H Z we have the cofiber sequences (9), (8) and (5) where (27) is an equivalence for 2 out of 3 of the spectra, hence (27) is also an equivalence for the third spectrum. When we smash (6) and (9) with H we get split cofiber sequences, which implies that (27) is an equivalence for HZ and K W * .
(2) This follows from the cofiber sequences in Lemma 3.1, or by using the spectral sequence in [Elm+97, Theorem IV.4.1] which collapses on the E 2 -page. The E 2 -page is analyzed using Lemma 3.6. 
Dualize the diagram with respect to (−) ∨ = Hom H * , * (−, H * , * ) and choose injective A * , * -comodule
∨ such that we have a map of distinguished triangles in D(A * , * )
We then define the map from Ext
Since (28) is commutative, these maps induce a map between the long exact sequences associated to Ext A * , * and Ext A * , * . Then (3) follows from the 5-lemma applied to the short exact sequences we get from Lemma 3.6. Indeed, for all the spectra either I Finally we arrive at the main result of this section. In Section 4 this isomorphism is extended to all fields of characteristic not 2 of finite virtual cohomological dimension. 
The map H * , * (HW ) → H * , * (S) induces the map of short exact sequences In this section we establish an isomorphism of Ext-groups between the motivic sphere spectrum and H Z in high filtration over fields of finite virtual cohomological dimension. We get similar vanishing lines to that of Guillou-Isaksen, but shifted by the virtual cohomological dimension of the base field. The main observation is Lemma 4.1 which also seems to be of possible computational interest. For instance, combined with [DI17a, Figure 3 ] the lemma recovers Morel's π 1 -conjecture [RSØ16] up to resolving one d 2 -differential.
Lemma 4.1. Suppose X is S, H Z, HZ, H, HW , or HW/2 n . Over a field of characteristic not 2 we have for each s an extension
Proof. The group Ext A * , * (H * , * , H * , * (X)) is the cohomology of the cobar complex C
• (H * , * , H * , * (X)) given in (2). The differentials in the cobar complex are given in terms of ∆, η L and η R . Hence the differentials are all k * -linear (cf. (1)), and the cobar complex can be identified with
Since the ring Z/2[ρ] has Tor-dimension 1 the Tor-spectral sequence
is concentrated along 2-columns and collapses to yield the above extensions.
Lemma 4.2. Let F be a field of characteristic not 2 with vcd(F ) = n < ∞. Then multiplication by ρ ∈ k 1 (F )
is an isomorphism for m ≥ n.
First proof. Let I be the fundamental ideal in the Witt-ring W (F ). Let m ≥ n, then 2I m = I m+1 , and I m is torsion free [EKM08, Corollary 35.27], [AP71] . By definition 1, 1 = 2. By the Milnor-conjecture
for all i, and ρ ∈ k 1 (F ) has a lift to 1, 1 ∈ I 1 . Hence, the map 1, 1 :
Second proof. Use the Gysin-sequence for the quadratic extension
By Lemma 4.2 multiplication by ρ is an isomorphism in degrees greater than or equal to n. Define
where k n is considered as a graded Z/2-module concentrated in degree n. Observe that the module C has a free Z/2[ρ]-resolution
where I is a set of generators with degrees in [0, n] and J is a set of generators in degrees [0, n + 1], relying on the fact that C k = 0 for k > n. Proof. By Lemma 4.1 it suffices to show that
, k * ) = 0 are isomorphisms, for t − s, w fixed and s 0. The long exact sequence of Tor-groups associated to the short exact sequence 0 → Z/2[ρ] ⊗ k n → k * → C → 0 yields the following exact sequence.
Hence it suffices to show that
1 The set I can evidently be chosen to satisfy the condition. Now say Y is an element of Z/2[ρ]{J} of degree N that is at least n + 2; we will show Y decomposes as a linear combination of generators with degrees in [0, n + 1]. The class Y maps to ρ 2 i∈I a i (ρ)x i by our assumption that the elements of I are concentrated in degrees [0, n] . But ρ i∈I a i (ρ)x i also maps to 0 in C N −1 as N − 1 ≥ n + 1, and so there is a linear combination j∈J b j (ρ)y j mapping to ρ i∈I a i (ρ)x i by exactness. However, both Y and ρ j∈J b j (ρ)y j map to the same class, hence are equal by exactness. Therefore Y is not a generator of Z/2[ρ]{J}.
is an isomorphism for s 0. Using the resolution (31) we see that (33) is a submodule of (Ext s+1 A R * , * (H R * , * , H R * , * ){J}) t,w . As the set of bidegrees of the indices in J is finite Proposition 3.16 implies that (33) is 0 for t − s, w fixed and s 0. Similarly, the source of (34) is a quotient of (Ext s A R * , * (H R * , * , H R * , * ){I}) t,w . As the set of bidegrees of the indices in I is finite Proposition 3.16 implies that (34) is an isomorphism for t − s, w fixed and s 0.
Corollary 4.4. Let F be a field of characteristic not 2 with vcd(F ) = n. Then Ext s,(t,w) A * , * (H * , * , H * , * ) vanishes if the following three conditions are satisfied: (1) s > 1 2 (m + 3); (2) t − s < s + n + 1; (3) t − s > 0 or t − s < −n. Proof. This follows directly by analyzing the two ends in the short exact sequence in Lemma 4.1 at the motivic sphere spectrum from the vanishing regions obtained by Guillou and Isaksen over R described in Lemma 2.4.
EXT AT ODD PRIMES
In this section we prove that S → H Z induces an isomorphism of Ext-groups in high filtration at odd primes as well. Actually, since H * , * (H Z) = H * , * (HZ) by Lemma 3.2 we establish that S → HZ induces an isomorphism of Ext-groups in high filtration. We use a Bockstein spectral sequence to extend Adams's isomorphism (4) Let β denote the Bockstein homomorphism β : H t,w → H t−1,w , and write B for the image of β, that is, B = im(β) ⊂ H * , * . Recall that β is a derivation and β 2 = 0. Note that the image B is closed under multiplication, that is, it is a subalgebra of H * , * without unit. Furthermore B is central in A * , * , and the cobar differential is linear with respect to B.
We consider the decreasing filtrations of H * , * and A * , * induced by the powers of B. The filtration at level n is F n H * , * = B n H * , * , and F n A * , * = B n H * , * . This induces a filtration {F n C
• (H * , * , H * , * )} n≥0 of the cobar complex that is given in level n by
Since the cobar differential is linear with respect to B this is in fact a filtration of complexes, and of algebras, hence a filtration of differential graded algebras.
Lemma 5.1. The filtration quotients of the generalized Bockstein filtration are
The tensor product ⊗ Z/ is the tensor product of graded Z/ -modules.
Proof. Since the mod topological and motivic dual Steenrod algebras are the same up to the coefficients H * , * (cf. [Mil58] , [Voe03, Theorem 12 .6], [HKØ17, Theorem 5.6]), the statement is clear considered as an isomorphism of graded abelian groups. We have to show that the differentials are correct: Consider a general element x = I a I γ I ∈ C • (H * , * , H * , * ), where a I ∈ H * , * and γ I is a bar of monomials in ξ i 's and τ j 's. The differential of x is given by (3)
If a I ∈ B n H * , * , then β(a I ) ∈ B n+1 H * , * . Hence, modulo higher filtration (35) is the topological differential linear with respect to H * , * . Proof. Given a differential graded algebra A with a decreasing filtration F j A there is a spectral sequence
In a fixed tridegree (s, t, w) the filtration is finite. Indeed, B t,w = 0 for t > −1 or t < w, and both H t,w and A t,w are 0 for t < 2w. So (F n C
• (H * , * , H * , * )) (t,w) = 0 for n > t − 2w. 
For this to be nonzero: We need t ≤ 0, so
(HZ) for all n, so we conclude 
STRONG CONVERGENCE FOR THE SPHERE SPECTRUM
In this section we establish strong convergence of the motivic Adams spectral sequence for the sphere spectrum over general fields in positive stems, and everywhere for S/ n over fields of finite virtual cohomological dimension if = 2. The Adams spectral sequence is always conditionally convergent to the homotopy groups of the H-completion. We check that the derived E ∞ -term vanishes in a range, and hence that the spectral sequence converges strongly to the abutment in this range. As discussed in Section 2, the H-completion can be identified with the ( , η)-completion over perfect fields of characteristic not [Man18] .
As corollaries of Theorem 4.3 and Theorem 5.3 we get:
Corollary 6.1. The mod motivic Adams spectral sequence for the sphere spectrum is strongly convergent in tridegree (s, t, w) for t − s > 0 over fields F with finite virtual cohomological dimension if = 2.
Proof. Next we show strong convergence of the motivic Adams spectral sequence for S/ n . This requires us to compare with the motivic Adams spectral sequence for HZ/ n , which splits into the spectral sequences for HZ/ n and H Z/ n in high filtration. This is done in the lemmas below. Proof. The map of cofiber sequences from S → S → S/ n to H Z → H Z → H Z/ n induces a map of long exact sequences of Ext-groups. For s 0 two thirds of the maps are isomorphisms, so the 5-lemma implies that all the maps are isomorphisms.
To get the final claim when is odd use the cofiber sequence (5).
Lemma 6.3. Let be a prime and F a perfect field of finite virtual cohomological dimension if = 2. Then in the motivic Adams spectral sequence for H Z/ n we have E
Proof. (HZ/ n ) = 0 for s > n. By Lemma 6.4, we have E s,t,w n (HW/2 n ) = 0 for s > t − s + n + vcd(F ).
Lemma 6.4. Let F be a perfect field of finite virtual cohomological dimension. Then in the motivic Adams spectral sequence for HW/2 n we have
Proof. We have the short exact sequence
This induces the following long exact sequence.
. . . over any perfect field when n > 1. Over R, when n > 1, there has to be a d n differential from 1 ∈ Ext
A * , * (H * , * , H * , * (HW )) for the abutment to have the correct size W(R) = Z/2 n . By base change we also have this differential over Q (if n = 2, we can have 
(H Z/ n ) = 0 for r > n, t − s, w fixed and s 0 by Lemma 6.3. Hence E s,t,w r (S/ n ) = 0 for t − s, w fixed s 0 for some r. Hence the spectral sequence is strongly convergent.
As mentioned in the introduction, Corollary 6.5 suggests a general strategy for extending topological computations with the Adams spectral sequence to motivic homotopy theory: First prove that the computation holds for S/ n by mimicking the classical argument, and then pass to the limit over n. In Milnor-Witt degree 0 we note the following much easier strong convergence result.
Lemma 6.6. The motivic Adams spectral sequence for the sphere spectrum is strongly convergent in Milnor-Witt degree 0 over any field.
Proof. The E 2 -page of the spectral sequence is zero in negative Milnor-Witt degrees. Hence there are no exiting differential from Milnor-Witt degree 0, so RE M W =0 ∞ = 0.
THE -BOCKSTEIN SPECTRAL SEQUENCE
In this section we study the -Bockstein spectral sequence for motivic cohomology. As we show below this is the same as the mod Adams spectral sequence for HZ. In Section 4 and Section 5 we proved that this spectral sequence is isomorphic (outside of Milnor-Witt degree 0 at the prime 2) in high filtration with the motivic Adams spectral sequence for the sphere spectrum. We investigate strong convergence of the -Bockstein spectral sequence, and show that the -Bockstein spectral sequence is not strongly convergent over number fields. Comparing with the motivic sphere spectrum we conclude that the motivic Adams spectral sequence is not strongly convergent over number fields. The cofiber of each map in this tower is H = HZ/ . After applying π * , * (−) we get a spectral sequence conditionally convergent to π * , * (HZ ∧ ), whose E 1 -page is In the next lemma we show that (41) is an isomorphism. This is essentially the observation that (39) is an Adams resolution.
Lemma 7.1. The map (41) is an isomorphism from the E 2 -page and onwards.
Proof. The E 1 -page of the Bockstein spectral sequence takes the form The right hand side surjects onto lim 1 r ( r · ⊕ j≥1 Z/ kj ) by Lemma 7.6, which is nonzero by Lemma 7.5.
Corollary 7.8. The motivic Adams spectral sequence for the sphere spectrum has nonvanishing derived E ∞ -term in tridegrees (s, t, w) with t − s = −1, w < −1, s 0, over any number field. That is, RE s,t,w ∞ (S) = 0 when t − s = −1, w < −1, s 0. In particular the motivic Adams spectral sequence for the sphere spectrum over a number field is not strongly convergent.
Proof. The kernel of E s,t,w 2 (S) → E s,t,w 2 (HZ) is finite for t − s < 0, w < −1. Indeed, over a number field the Z/2[ρ]-module C defined in (31) is such that C 3 = 0. Hence, the Tor-term in Lemma 4.1 is zero. Similarly, the − ⊗ k * -term of in Lemma 4.1 only sees the part of k n (F ) for n > 2, which is finite. Hence, since we have an isomorphism E s,t,w 2 (S) = E s,t,w 2 (HZ) for t − s, w fixed and s 0 (Theorem 4.3, Theorem 5.3), we get that RE s,t,w ∞ (S) = RE s,t,w ∞ (HZ) for t − s = −1, w < −1, s 0, which is nonzero by Corollary 7.7.
BOUNDS ON EXPONENTS OF MOTIVIC STABLE STEMS
As a simple corollary of Lemma 2.4, Lemma 4.1 and Corollary 5.2 we get some very coarse bounds on the exponents of the stable motivic homotopy groups. This is a partial answer to a problem posed in [ALP17, p. 2]. As in Theorem 5.3 we would need 2(t − w) ≥ t for this to be nonzero. But if (2 − 3)s > 2(t − w) − s ≥ t − s this is zero by (4). That is, if ( − 2)s > t − w. Hence the exponent of π t,w (S ∧ ,η ) is bounded by (t−w)/( −2) .
THE ZEROTH MOTIVIC STABLE STEM
In this section we compute the (2, η)-completed motivic zero line over perfect fields of characteristic not 2. That is, lim k K M W −n /(2 k , I k ) → ⊕ n π n,n (S ∧ 2,η ) is an isomorphism. The computation is essentially the same as Morel's computation of π 0,0 (S) in [Mor99] . We think it is interesting that Morel's pull-back square [Mor04b, Theoreme 5.3] for Milnor-Witt K-theory shows up naturally as part of the computation. That is, from (47) we get that the E ∞ -page converging to π −n,−n (S ∧ 2,η ) is a direct sum of the filtration quotients of Milnor K-theory with the filtration quotients of the fundamental ideal filtration, glued together at the first stage of the filtration. We write E M W =m 2 for ⊕ t−s−w=m E s,t,w 2 . Furthermore Φ induces an isomorphism on the filtration quotients. Indeed, I
